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The form factors of ωpi0 and pi+pi− at ψ(2S)
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The measurements of ψ(2S) → ωpi0 and ψ(2S) → pi+pi− in e+e− experiments are examined. It is found that
the non-resonance virtual photon annihilation gives large contributions to the observed cross sections of these two
processes. By including this contribution, the form factors and branching fractions of these two decay modes are
revised.
1. Introduction
Since its discovery, a large amount of ψ(2S)
data has been collected. The latest comes from
BES [1]. This has led to detailed analysis of the
interference pattern between the strong and the
electromagnetic interactions in ψ(2S) decays [2].
In such analysis, the electromagnetic decay modes
such as ωpi0 and pi+pi− are of particular impor-
tance [2,3].
Up to now, the most precise measurements of
the ψ(2S) decays are by e+e− colliding experi-
ments, where the production of ψ(2S) is accom-
panied by
e+e− → γ∗ → hadrons,
in which e+e− pair annihilates into a virtual pho-
ton without going through the intermediate res-
onance state. So the experimentally measured
ψ(2S) → ωpi0 and ψ(2S) → pi+pi− processes are
parallel to ψ(2S) → µ+µ− in the way that there
are two Feynman diagrams: one is the ψ(2S) and
the other is the one-photon annihilation, as shown
in Fig. 1. There are three terms in the cross sec-
tion: ψ(2S) resonance, one-photon annihilation
and their interference. Unlike µ+µ− pair which
couples to virtual photon by QED fine structure
constant, the couplings of ωpi0 and pi+pi− to vir-
tual photon are by energy-dependent form factors
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Figure 1. Feynman diagrams for e+e− → M1 +
M2 near ψ(2S).
which are to be determined by experiments. By
scanning around the ψ(2S) peak, Γee and Γµµ
are determined from fitting the resonance shape
with the theoretical curve, which includes the
one-photon annihilation term and interference [4].
On the contrary, Γωpi0 and Γpi+pi− , due to their
small branching fractions, are acquired from data
collected on top of the resonance. The contribu-
tions from the one-photon annihilation and the
interference are not subtracted.
In this work, the measurements of the ωpi0
and pi+pi− form factors at ψ(2S) resonance by
e+e− colliding experiments are examined. First,
not only the ψ(2S) resonance, but also the one-
photon annihilation propagator are included in
the experimentally observed cross section, which
takes into account the initial state radiation and
the finite energy resolution of the e+e− colliders.
Next it is demonstrated that for current measure-
2ments, the one-photon annihilation contributes a
large share to the observed cross sections of these
two processes, and this leads to significant revi-
sion of the form factors of ωpi0 and pi+pi− and
their branching fractions in ψ(2S) decays. Fi-
nally the dependence of the measurement on the
experimental condition is discussed in detail.
2. The experimentally observed cross sec-
tion
The resonance part of the cross sections for
e+e− → ψ(2S) → ωpi0 and e+e− → ψ(2S) →
pi+pi−, in the Born order, are expressed by the
Breit-Wigner formula
σBorn(s) =
12piΓeeΓf
(s−M2)2 + Γ2tM2
.
Here
√
s is the center of mass energy; M and Γt
are the mass and the total width of ψ(2S); Γee
is the partial width to e+e−, and Γf (f = ωpi
0,
pi+pi−) is the partial width to the final state f ,
which are related to Γee and the corresponding
form factors :
Γωpi0 =
Γeeq
3
ωpi0
mψ(2S)
|Fωpi0(m2ψ(2S))|2, (1)
and
Γpi+pi− = 2Γee
(
qpi+pi−
mψ(2S)
)3
|Fpi+pi−(m2ψ(2S))|2. (2)
Here qωpi0 is the momentum of either ω or pi
0 in
the ωpi0 decay, qpi+pi− is the momentum of pi in
the pi+pi− decay. Fωpi0(s) and Fpi+pi−(s) are the
form factors of ωpi0 and pi+pi−, respectively.
For the experimentally observed cross sections
of e+e− → ωpi0 and e+e− → pi+pi− at ψ(2S)
peak, the direct one-photon annihilation term
and an interference term must be added:
σBorn(s) = (3)
4piα2
s3/2
[1 + 2ℜB(s) + |B(s)|2]|Ff(s)|2Pf (s),
with
B(s) =
3
√
sΓee/α
s−M2 + iMΓt , (4)
where α is the QED fine structure constant, and
Pωpi0(s) =
1
3
q3ωpi0 ,
Ppi+pi−(s) =
2
3s
q3pi+pi− .
More generally, there could be a phase between
the one-photon and ψ(2S) propagators, then in-
stead of Eq. (4), one has
B(s) =
3
√
sΓee/α
s−M2 + iMΓt e
iφ, (5)
where φ is the phase between the two propaga-
tors. In the following analysis, both Eq. (4) and
(5) are considered.
In e+e− collision, the Born order cross section
is modified by the initial state radiation in the
way [5]
σr.c.(s) =
xm∫
0
dxF (x, s)
σBorn(s(1 − x))
|1 −Π(s(1 − x))|2 , (6)
where xm = 1− s′/s. F (x, s) has been calculated
to an accuracy of 0.1% [5,6,7] and Π(s) is the
vacuum polarization factor. In the upper limit
of the integration,
√
s′ is the experimentally re-
quired minimum invariant mass of the final par-
ticles. In this work, xm = 0.2 is used which cor-
responds to invariant mass cut of 3.3 GeV.
By convention, Γee has the QED vacuum po-
larization in its definition [8,9]. Here it is natural
to extend this convention to the partial widths
of other pure electromagnetic decays. By using
Eq. (1) and (2) to relate Γωpi0 and Γpi+pi− with
Γee, these partial widths are experimentally mea-
sured ones with vacuum polarization implicitly
included in their definitions.
The e+e− colliders have finite energy resolution
which is much wider than the intrinsic width of
ψ(2S). Such energy resolution is usually a Gaus-
sian distribution:
G(W,W ′) =
1√
2pi∆
e−
(W−W ′)2
2∆2 ,
whereW =
√
s and ∆, a function of the energy, is
the standard deviation of the Gaussian distribu-
tion. The experimentally measured cross section
3is the radiative corrected cross section folded with
the energy resolution function
σexp(W ) =
∞∫
0
dW ′σr.c.(W
′)G(W ′,W ). (7)
With the currently available ψ(2S) parame-
ters M = 3.68596 GeV, Γee = 2.19 keV, Γt =
300 keV [10], on a collider with ∆ = 1.3 MeV,
the maximum total cross section is 640 nb; while
on a collider with ∆ = 2.0 MeV, the maximum
total cross section is 442 nb†.
3. ωpi0 and pi+pi− form factors measured at
ψ(2S)
The decay ψ(2S)→ ωpi0 is reported by BES to
have a branching fraction of (3.8 ± 1.7 ± 1.1) ×
10−5 [13]; and ψ(2S)→ pi+pi− is reported by the
same group to have a branching fraction of (8.4±
5.5+1.6−3.5) × 10−6 [14]. With the energy resolution
of BEPC/BES, these values actually mean that
the measured cross section of e+e− → ωpi0 at
ψ(2S) is (2.4± 1.3)× 10−2 nb while for e+e− →
pi+pi− it is (5.4+3.7−4.2)× 10−3 nb. An earlier result
of ψ(2S) → pi+pi− by DASP gives a branching
fraction of (8 ± 5) × 10−5 [15]. With the energy
resolution of DORIS/DASP, this means that the
measured cross section at ψ(2S) is (3.5 ± 2.2) ×
10−2 nb.
Using these measured cross sections, together
with Eq. (3), (4), (6) and (7), the form factors
can be estimated. In the calculation of radiative
correction, the upper limit of the integration in
Eq. (6) used here requires the knowledge of these
form factors between 3.3 GeV and ψ(2S) mass.
For this purpose, the following s dependences are
assumed:
|Fωpi0(s)| ∝
1
s
, (8)
or
|Fωpi0(s)| ∝
1
s2
, (9)
†Different accelerator has different energy resolution, and
their difference is sometimes large [11]. Here ∆ = 1.3 MeV
corresponds to the energy resolution of BEPC/BES [12] at
the ψ(2S) energy region; and ∆ = 2.0 MeV corresponds to
DORIS/DASP at the same energy. Throughout this pa-
per, these values of the parameters are used for numerical
calculation.
for ωpi0 [3,16,17] and
|Fpi+pi−(s)| ∝
1
s
, (10)
for pi+pi− [3,16].
First assume that in Eq. (3), B(s) is expressed
by Eq. (4), with the BES measured ωpi0 cross sec-
tion at ψ(2S), and normalize the ωpi0 form factor
to its value at Q2 = 0 by using the crossed chan-
nel decay ω → γpi0, one gets
|Fωpi0(m2ψ(2S))|
|Fωpi0(0)|
=
√
α
3
(
Pγ
Pω
)3 mψ(2S)Γ(ψ(2S)→ ωpi0)
Γ(ω → γpi0)Γ(ψ(2S)→ µ+µ−)
= (1.6± 0.4)× 10−2,
where Pγ(Pω) is the photon(ω) momentum in the
ω(ψ(2S)) rest frame. This corresponds to the
branching fraction
B0(ψ(2S)→ ωpi0) = (1.6± 0.9)× 10−5 .
The above results are insensitive to the s depen-
dence of the ωpi0 form factor: the two different s
dependences in Eq. (8) and (9) yield the results
which deviate from each other by only 1.1% for
ωpi0 form factor and 2.2% for the branching frac-
tion, with Eq.(8) giving the larger values. Such
difference is well within the experimental uncer-
tainties of the current measurements.
Similarly, with the BES measured pi+pi− cross
section,
|Fpi+pi−(m2ψ(2S))| = (4.5+1.5−1.7)× 10−2,
and
B0(ψ(2S)→ pi+pi−) = (3.5+2.3−2.7)× 10−6.
With DASP result,
|Fpi+pi−(m2ψ(2S))| = 0.12± 0.04,
and
B0(ψ(2S)→ pi+pi−) = (2.6± 1.6)× 10−5.
In the above equations, B0 indicates the actual
branching ratio of ψ(2S) decays after continuum
contribution being subtracted.
4Next consider a possible phase between the two
propagators, then instead of Eq. (4), Eq. (5) for
B(s) is used in Eq. (3) for the Born order cross
section. With an extra parameter, the form fac-
tors vary in a range, depending on the phase.
Then with BES result on ωpi0,
(1.4± 0.4)× 10−2 ≤
|Fωpi0(m2ψ(2S))|
|Fωpi0(0)|
≤ (1.8± 0.5)× 10−2
and
(1.2± 0.6)× 10−5 ≤
B0(ψ(2S)→ ωpi0) ≤ (2.1± 1.1)× 10−5.
The lower or upper limit herein corresponds to
φ = 90◦ or −90◦ which leads to maximum con-
structive or destructive interference between the
two propagators.
Similarly, with BES result on pi+pi−,
(3.9+1.3−1.5)× 10−2 ≤
|Fpi+pi−(m2ψ(2S))| ≤ (5.3+1.8−2.1)× 10−2,
and
(2.7+1.8−2.1)× 10−6 ≤
B0(ψ(2S)→ pi+pi−) ≤ (4.8+3.3−3.7)× 10−6.
With DASP measurement on pi+pi−,
(0.11± 0.03) ≤ |Fpi+pi−(m2ψ(2S))| ≤ (0.14± 0.04),
and
(2.1± 1.4)× 10−5 ≤
B0(ψ(2S)→ pi+pi−) ≤ (3.3± 2.1)× 10−5.
These form factors extracted from experimen-
tally measured cross sections are to be compared
with theoretical calculations. For ωpi0, a strait-
forward application of Bjorken-Johnson-Low the-
orem for large scale time-like momentum transfer
gives [17]
|Fωpi0(s)|
|Fωpi0(0)|
=
(2pifpi)
2
3s
= 1.66× 10−2 ,
where fpi is the pi decay constant. This value
is in excellent agreement with the experimen-
tal measurement from BES with the direct one-
photon annihilation contribution subtracted. On
the other hand, a phenomenological model [3] pre-
dicts
|Fωpi0(s)|
|Fωpi0(0)|
=
m2ρM
2
ρ′
(m2ρ − s)(M2ρ′ − s)
,
where mρ and Mρ′ are the masses of ρ(770) and
ρ(1450) respectively. It gives
|Fωpi0(m2ψ(2S))|
|Fωpi0(0)|
= 8.7× 10−3,
which deviates by two standard deviations from
the above revised result based on BES measure-
ment.
For pi+pi−, the first order QCD calculation re-
lates the meson form factor with the decay con-
stant by [18]
|Fpi+pi−(s)| = 16piαs(s)
f2pi
s
.
Using fpi = 0.093GeV and αs(m
2
ψ(2S)) = 0.25,
one gets
|Fpi+pi−(m2ψ(2S))| = 8.0× 10−3.
This is too small compared with the value ex-
tracted from the data above. There are also es-
timations by phenomenological models, e.g. in
Ref. [19]. Most of the theoretical estimations do
not exceed [3]
|Fpi+pi− | ≃
0.5 ∼ 0.6 GeV2
s
.
So the value extracted from the BES result is near
the upper bound of the theoretical estimations.
To explore the possible phase between the two
propagators experimentally, it is necessary to
scan the resonance shape and fit the ωpi0 or pi+pi−
cross sections with theorectical curves. To ac-
cumulate sufficient integrated luminosity at each
energy point, this has to be done on the high lu-
minosity colliders, such as the upcoming CESR-
c/CLEO-c [20] and BEPC-II/BES-III [21].
4. The dependence of the measurement on
the experimental details
In this section, the dependence of the measure-
ment on the experimental details is discussed.
5One important feature is that in the total mea-
sured cross section, the resonance part depends
sensitively on the energy spread of the collider.
The larger the energy spread, the smaller the res-
onance part of the cross section. On the other
hand, such energy spread hardly affects the one-
photon annihilation part of the observed cross
section, which is a smooth function of c.m. en-
ergy
√
s. For example, using Eq. (3) and (4)
for the Born order cross section, for BEPC/BES
(∆ = 1.3 MeV) in e+e− → ωpi0 process, only
40.9% of the observed cross section comes from
ψ(2S); the other 60.4% is from the one-photon
continuum and there is −1.3% negative contri-
bution from interference. For e+e− → pi+pi−
process, the percentages are 41.4%, 60.0% and
−1.4%. There are colliders with larger energy
spread. In such cases the percentage of the reso-
nance part in the observed cross section is smaller.
For DORIS/DASP (∆ = 2.0 MeV), these per-
centages are 32.7%, 68.5% and −1.2% for pi+pi−.
Another important feature is that the one-
photon annihilation term, with radiative correc-
tion, depends sensitively on the upper limit of
the integration xm in Eq. (6), which means the
invariant mass cut in the event selection. In con-
trast, the resonance part hardly changes with
xm as long as xm ≫ Γt/M due to the behav-
ior of the Breit-Wigner formula, so it is virtu-
ally independent of the invariant mass cut un-
der practical event selection criteria. In fact,
the tighter cuts on the invariant mass of the fi-
nal hadrons, which corresponds to smaller xm,
the smaller the one-photon annihilation part of
the observed cross section. In the calculations of
this work, the value of xm = 0.2 is used, which
means a lower cut of ωpi0 or pi+pi− invariant mass
at
√
1− 0.2 mψ(2S) = 3.3 GeV. Such cut or its
equivalence is usually imposed in the event se-
lection to separate the ψ(2S) daughter particles
from J/ψ’s.
The third feature is that the treatment of the
one-photon annihilation term is sensitive to the
energy on which the data is taken. Small changes
of the energy lead to rapid variation of the res-
onance and the interference term. Experiments
naturally tend to collect resonance data at the en-
ergy which yields the maximum inclusive hadron
cross section. This energy is not the nominal res-
onance mass, but somewhat higher. Nor does it
necessarily coincide with the maximum cross sec-
tion of each exclusive mode, due to the interfer-
ence effect. For example, with energy resolution
∆ = 1.3 MeV, the maximum cross sections of
inclusive hadrons and ωpi0 mode happen at en-
ergies which are 0.14 MeV and 0.81MeV above
the nominal ψ(2S) mass respectively. At the en-
ergy which yields the maximum cross section of
the inclusive hadrons, the ωpi0 mode reaches only
95% of its own maximum value; While at the en-
ergy which yields the maximum ωpi0 cross section,
the percentages of resonance, one-photon anni-
hilation and interference are 34.8%, 57.3% and
+7.8%, respectively.
5. Conclusion
The above analyses and estimations show that
a large fraction of the observed cross sections of
e+e− → ωpi0 and e+e− → pi+pi− come from the
direct one-photon annihilation instead of ψ(2S)
decays. This contribution must be taken into ac-
count, in order to obtain the correct branching
fractions of ψ(2S) → ωpi0 and ψ(2S) → pi+pi−.
The method presented in this paper will play
an important role for the same and similar final
state analysis in the future high luminosity ex-
periments, like CLEO-c [20] and BES-III [21], as
the accuracy goes much higher, not only the one-
photon annihilation part of the cross section must
be treated precisely, the interference term could
also become relevant to the measurements.
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